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ON THE MITCHELL PROBLEM OF THE MOTION OF A LUBRICANT IN A LAYER BOUNDED 
BY A MOVING PLANE AND A FIXED PLATE OF FINITE SIZES!' 

N.N. SLEZKIN 

The Reynolds equation which appears in the hydrodynamic theory of 
lubrication is applied to the case of the flow of a lubricant between a 
plane and an inclined plate, and is solved with help of the special 
functions for a rectangular as well as segmented form of the plate. 

1. An unbounded plane moves longitudinally with velocity U in the direction of the x. 
axis. We direct the y axis towards the liquid. Let h be the thickness of the layer, depend- 
ing only on the coordinate z, p = h,ih, > 1 the ratio of the thicknesses of the layer at the 
plate edges along the x axis, a the distance between these edges and 22 the 
width of the plate in the direction of the z axis. 

Using the well-known approximate Reynolds equation, we arrive at the following boundary 
value problem for the pressure: 

L(h3 2) 
+hSz = 6plJg 

-1 <z < I, 5 = 0, p = pa; + = a, p = Pn 

o<r<a, z=+z, p=po 

Since h depends only on X, it follows that a particular solution of Eq.cl.1) can be taken 
in the form 

po = x*(z) = 6pU s s h-‘az + c, h”dr + ca (1.3) 

We shall construct the solution of the corresponding homogeneous equation in the form 
P,, = ch @a) xn H. In this case we obtain the following equation for xn: 

whose corn 
P 
lete solution will consist of two independent 

Xn = A,Xn'1 -I- I)nXnf*). 

We can show in the usual manner that the functions 

i 
&,,x,hVt = 0, m + n 

0 

when the following conditions hold: 

solutions x,,(l) and x,,@), so that 

Xn are orthogonal 

(1.5) 

A$$ (0) + B,l[$ff (0) = 0, A&$’ (a) + 0,x:) (a) = 0 (4.6) 

Combining the particular solution (1.3) with the set of solutions xn. we obtain the 
general solution of Eq.tl.1) in the form 



Satisfying the first two conditions of (1.2), we obtain 

and (1.6) will yield the following equations for the eigenvalues: 

x;,"(o) $2) (a)-#l) (0)X(Z) (0) := 0 li n It 

while the functions x,, will be written in the form 

X, = “l"B1% (5) 

O,,(Z)...‘ &,2(J) x2' (a) [j('?' (a) -xj:'(s)]-' ,L 

(1.7) 

(14 

Substituting this expression into (1.7) and satisfying the last condition of (1.2)‘ we 
obtain 

61".U $-%Q -f-C,5 h-%x = z] A,, ch(n2) D,,(x) 

0 0 n 
(1.9) 

In order to obtain the coefficients A,, from Eq.(l.9), we must utilize the property of 
orthogonality of (1.5). Multiplying both sides of (1.9) by h9o,(z) and integrating from 
x=0 to 5=a, we obtain 

In the special case of an inclined flat plate, we have 

h==k,-ms, m=11,a-'(q-l) 

and Eq.(1.4) will take the form 

(1.10) 

We can represent the solution of Eq.fl.10) in terms of Bessel functions of first and 
second kind /S/ 

%n (h) = h-' IA&, (nhm*) 4- B,,Yl (nhm-‘)I 

and Eq.(1.5) for the eigenvalues will take the form 

l*(j) Y, (95) - I, (q;) y1 (5) = 0, f: = n(d (q - I)_' 

We have the following relations for the constants A,: 

(1.21) 

where &, are the roots of Eq.(l.ll). We know /2/ that all these roots are real and simple, 
and /2/ gives some of them in a tabular form. 

In the solution of the Mitchell problem constructed above we have used the hyperbolic 
cosine function of the coordinate z, while in the solution of Mitchell himself 131 the 
coordinate z appears under the sign of the trigonometric sine and instead of the Bessel func- 
tions of first kind, functions of the third kind are used. We have used above the classical 
method of eigenfunctions, while Mitchell himself used a particular form of a trigonometric 
series. 

2. In constructing the solution of the Mitchell problem for a segmented plate, we shall 
assume that an unbounded plane rotates about the y axis with an angular velocity of o. The 
Reynolds equation for the pressure in cylindrical coordinates and the boundary conditions, 
have the form 



0 < a < a,, r = Tl, p = pa; i- = r*, $7 = Pa 

If the segmented plate is inclined towards the moving plane, we can put 

h, (Q - 1) a0-l and Eqs.(2.1) will take the form 

Taking the solution of the homogeneous equation in the form 

P, = (A,,‘” + Br-%) ‘p, (A! 

405 

h = h, - ma, “L = 

(2.41 

we obtain for (P,, an equation of the form (1.10). Because of that, Eq.(l.ll) will be retained 
for the eigenvalues and the degree n of the terms in (2.4) will be connected with its roots 
& by the relation a-'(q - 1) j, = )I. If we take the particular solution of the complete Eq. 
(2.3) in the form p0 = -6ptmorafo(h), we obtain the following equation for fo: 

Solving this equation by varying the arbitrary constants we obtain 

hfo (h) = 31 (Zhm-1) A* + nz-‘m-2 Jt (%h~~-y h-vh + Y, (Zhm-1) & - n2-gm-2 X 

he 

Y, (Zhm-‘) h-‘dh 

% 
I 

The constants A, and B, can be found from the conditions (2.2) under the following 
constraint: j, (q - 1) 0-l =/= 2. 

The complete solution of Eq.(2.3) will be 

and we shall have the following relations for the coefficients A, and B,: 

We can solve in the same manner the Mitchell problem for a curved segmented plate, e.g., 
when we write 

h = h, exp (-fkc), fi = a,’ In q 

In this case the following function appears in place of the Bessel function: 

exp ("/,&z, [C, cos @,a) + D,sin(&&z)l, ?$ = n2 -V&P 

and the form of the particular solution of the inhomogeneous equation for the pressure will 
also change in an appropriate manner. 
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